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A NEW APPROXIMATION THEORY WHICH UNIFIES
SPHERICAL AND COHEN-MACAULAY APPROXIMATIONS
RYO TAKAHASHI
Abstract. This paper gives a new approximation theory for finitely gener-
ated modules over commutative Noetherian rings, which unifies two famous
approximation theorems; one is due to Auslander and Bridger and the other
is due to Auslander and Buchweitz. Modules admitting such approximations
shall be studied.
1. Introduction
In the late 1960s Auslander and Bridger [2] introduced a notion of approximation
which they used to prove that every module whose nth syzygy is n-torsionfree can
be described as the quotient of an n-spherical module by a submodule of projective
dimension less than n. About two decades later Auslander and Buchweitz [3] intro-
duced the notion of Cohen-Macaulay approximation which they used to show that
the category of finitely generated modules over a Cohen-Macaulay local ring with
the canonical module is obtained by gluing together the subcategory of maximal
Cohen-Macaulay modules and the subcategory of modules of finite injective dimen-
sion. Our purpose is to give a new approximation theorem, which unifies these two
notions of [2] and [3]. Before stating our own result, let us briefly summarize the
theorems of [2] and [3].
Throughout let R be a commutative Noetherian ring. Let M be a finitely gen-
erated R-module and n ≥ 1 an integer. Then we say that M is n-spherical if
ExtiR(M,R) = 0 for 1 ≤ i ≤ n. We say that M is n-torsionfree if the transpose
TrM ofM is n-spherical. Let ΩnM denote the nth syzygy ofM . With this notation
the approximation theorem of Auslander and Bridger is stated as follows.
Theorem 1.1. [2] The following are equivalent for a finitely generated R-module
M .
(1) ΩnM is n-torsionfree.
(2) There exists an exact sequence 0 → Y → X → M → 0 of R-modules such
that X is n-spherical and pdR Y < n.
Let us call an exact sequence as above an n-spherical approximation of M .
The Cohen-Macaulay Approximation Theorem of Auslander and Buchweitz is
the following.
Theorem 1.2. [3] Let R be a Cohen-Macaulay local ring with the canonical module.
Then for every finitely generated R-module M there exists an exact sequence 0 →
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Y → X → M → 0 of R-modules such that X is a maximal Cohen-Macaulay
R-module and idR Y <∞.
We call an exact sequence as above a Cohen-Macaulay approximation of M .
For a moment suppose that R is a Gorenstein local ring of dimension d. Then
a finitely generated R-module has finite projective dimension if and only if it has
finite injective dimension. The dth syzygy of any finitely generated R-module is
d-torsionfree because it is a maximal Cohen-Macaulay R-module. The local du-
ality theorem guarantees that a finitely generated R-module is a maximal Cohen-
Macaulay R-module if and only if it is d-spherical. Thus, although in general Theo-
rems 1.1 and 1.2 have no implications to each other, Theorem 1.1 implies Theorem
1.2 in the case where R is a Gorenstein local ring, so that they yield the common
consequence which asserts the existence of Cohen-Macaulay approximations over
Gorenstein local rings. Added to it, there is a strong similarity between the two
exact sequences in Theorems 1.1 and 1.2. It seems natural to guess that behind
the above two theorems there is hidden a common source unifying them, which we
are going to report in this paper.
Let us now state our own results, explaining how this paper is organized. In
Section 2 we will make some definitions and state basic properties, which we need
throughout this paper.
In Section 3 we will prove our main result. To state the result precisely we need
new notation. Let M and C be finitely generated R-modules and let n ≥ 1 be
an integer. Let λM be the natural homomorphism M → HomR(HomR(M,C), C).
Then we say that M is 1-C-torsionfree if λM is a monomorphism, and that M is
n-C-torsionfree if n ≥ 2, λM is an isomorphism, and Ext
i
R(HomR(M,C), C) = 0 for
1 ≤ i ≤ n− 2. The R-module C is called 1-semidualizing if λR is a monomorphism
and Ext1R(C,C) = 0, and C is called n-semidualizing if n ≥ 2, λR is an isomorphism,
and ExtiR(C,C) = 0 for 1 ≤ i ≤ n. The R-module M is said to be n-C-spherical if
ExtiR(M,C) = 0 for 1 ≤ i ≤ n. We denote by CdimRM the infimum of nonnegative
integers m such that there exists an exact sequence 0 → Cm → Cm−1 → · · · →
C0 → M → 0 of R-modules, where each Ci is a direct summand of a finite direct
sum of copies of C. The main result of this paper, which we shall prove in Section
3 (Theorem 3.5), is stated as follows.
Theorem A. Let M and C be finitely generated R-modules and n ≥ 1 an integer.
Assume that C is n-semidualizing. Then the following two conditions on M are
equivalent to each other.
(1) ΩnM is n-C-torsionfree.
(2) There exists an exact sequence 0 → Y → X
f
→ M → 0 of R-modules such
that X is n-C-spherical and CdimR Y < n.
The above map f is a right approximation over the full subcategory of modR
consisting of all n-C-spherical R-modules, where modR denotes the category of
finitely generated R-modules. We call an exact sequence as above an n-C-spherical
approximation of M .
Here let us briefly explain how Theorem A implies both Theorems 1.1 and 1.2.
We notice that R is an n-semidualizing R-module and that RdimRM = pdRM
for a finitely generated R-module M . Our Theorem A thus implies Theorem 1.1.
Let R be a d-dimensional Cohen-Macaulay local ring with the canonical module
ω and M a finitely generated R-module. Then ω is d-semidualizing, and ΩdM is
SPHERICAL AND COHEN-MACAULAY APPROXIMATIONS 3
d-ω-torsionfree since it is a maximal Cohen-Macaulay R-module. The local duality
theorem implies that an R-module X is d-ω-spherical if and only if X is a maximal
Cohen-Macaulay R-module. For a finitely generated R-module Y , ωdimR Y < ∞
if and only if idR Y <∞. Our Theorem A thus implies Theorem 1.2.
Sections 4 and 5 of this paper are devoted to the analysis of the problem of when
the first condition of Theorem A is satisfied. In Section 4 we shall closely study the
structure of finitely generated R-modules whose nth syzygies are n-C-torsionfree.
We will give some results on n-C-torsionfree modules corresponding to those on
n-torsionfree modules given by [2] and [11].
In Section 5 we will prove the following result, which is the second main result
of this paper (Theorem 5.1).
Theorem B. Let C be a finitely generated R-module such that R is n-C-torsionfree.
Then the following two conditions on C are equivalent to each other.
(1) ΩnM is n-C-torsionfree for any R-module M .
(2) idRp Cp <∞ for any p ∈ SpecR with depthRp ≤ n− 2.
Combining Theorems A and B, we see that if C is an n-semidualizing R-module
such that idRp Cp < ∞ for any p ∈ SpecR with depthRp ≤ n − 2, then the
n-C-spherical R-modules form a contravariantly finite subcategory of modR.
In what follows, let R denote a commutative Noetherian ring. All R-modules
considered are finitely generated.
2. Basic definitions
Let M be an R-module and let
· · · → Pn
dn→ Pn−1 → · · · → P0 →M → 0
be a projective resolution ofM . Let ΩnM be the image of dn, which we call the n
th
syzygy ofM . This is uniquely determined up to projective summand. An R-module
N is said to be n-syzygy if N is isomorphic to the nth syzygy of some R-module M .
Let (−)∗ = HomR(−, R) denote the R-dual. We put TrM = Coker(d
∗
1 : P
∗
0 → P
∗
1 )
and call it the transpose of M . This is also uniquely determined up to projective
summand. See [2] and [11] for more details on transposes.
Definition 2.1. [2] Let n ≥ 1 be an integer and M an R-module. Then M is said
to be n-torsionfree if ExtiR(TrM,R) = 0 for all 1 ≤ i ≤ n.
Let M be an R-module. Then there exists an exact sequence
0→ Ext1R(TrM,R)→M
ρM
→ M∗∗ → Ext2R(TrM,R)→ 0
of R-modules with ρM the natural homomorphism ([2, Proposition (2.6)]). There-
fore, since M∗ is isomorphic to Ω2(TrM) up to projective summand, M is 1-
torsionfree if and only if ρM is a monomorphism. When n ≥ 2, M is n-torsionfree
if and only if ρM is an isomorphism and Ext
i
R(M
∗, R) = 0 for all 1 ≤ i ≤ n− 2.
In what follows, unless otherwise specified, let n ≥ 1 be an integer, C an R-
module, (−)† = HomR(−, C) the C-dual, and λM : M → M
†† the natural homo-
morphism (M an R-module). We then generalize the notion of an n-torsionfree
module.
Definition 2.2. Let M be an R-module.
(1) We say that M is 1-C-torsionfree if λM is a monomorphism.
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(2) Suppose that n ≥ 2. Then we say that M is n-C-torsionfree if λM is an
isomorphism and ExtiR(M
†, C) = 0 for all 1 ≤ i ≤ n− 2.
Every n-C-torsionfree R-module is i-C-torsionfree for all 1 ≤ i ≤ n. The n-R-
torsionfree property is the same as the n-torsionfree property. If R is a Cohen-
Macaulay local ring with the canonical module ω, then a maximal Cohen-Macaulay
R-module is n-ω-torsionfree for every n ≥ 1.
Definition 2.3. (1) We say that C is 1-semidualizing if λR : R→ HomR(C,C) is
a monomorphism and Ext1R(C,C) = 0.
(2) Suppose that n ≥ 2. Then we say that C is n-semidualizing if λR : R →
HomR(C,C) is an isomorphism and Ext
i
R(C,C) = 0 for all 1 ≤ i ≤ n.
An n-semidualizing R-module is i-semidualizing for all 1 ≤ i ≤ n. If C is n-
semidualizing, then R is n-C-torsionfree. The R-module R is an n-semidualzing
R-module for every n ≥ 1. Recall that an R-module C is called semidualizing if
λR is an isomorphism and Ext
i
R(C,C) = 0 for any i ≥ 1. A semidualizing R-
module is n-semidualizing for every n ≥ 1. In particular, the canonical module of
a Cohen-Macaulay local ring is n-semidualizing for every n ≥ 1.
The following proposition says that there are a lot of n-semidualizing modules.
Recall that a local ring (R,m) has an isolated singularity if Rp is a regular local
ring for any p ∈ SpecR− {m}.
Proposition 2.4. Let R be a Cohen-Macaulay local ring of dimension d ≥ 2 with
an isolated singularity. Let I be an ideal of R which is a maximal Cohen-Macaulay
R-module. Then λR : R → EndR(I) is an isomorphism and Ext
i
R(I, I) = 0 for
every 1 ≤ i ≤ d− 2. Hence R is d-I-torsionfree, and I is (d− 2)-semidualizing.
Proof. Note that R is a normal domain and that I is a nonzero ideal of R. Hence it
follows by [9, pp. 220–221] or [6, Theorem 2.1] that λR is an isomorphism. Let us
prove that ExtiR(I, I) = 0 for 1 ≤ i ≤ d− 2. This statement can be shown by using
the proof of [10, Proposition 2.5.1]. Set r = sup{n |ExtiR(I, I) = 0 for 1 ≤ i ≤ n }.
We want to show that r ≥ d − 2. Suppose that r < d − 2. Take a free resolution
F• of the R-module I. Dualizing F• by I, we obtain an exact sequence
0→ R→ HomR(F0, I)
δr→ · · ·
δ2→ HomR(Fr−1, I)
δ1→ HomR(Fr , I)
δ0→ HomR(Ω
r+1I, I)→ Extr+1R (I, I)→ 0
Put Ni = Im δi for 0 ≤ i ≤ r. The definition of r implies that Ext
r+1
R (I, I) 6= 0.
Since R has an isolated singularity and I is maximal Cohen-Macaulay, the R-
module Extr+1R (I, I) has finite length. Hence we have depthR Ext
r+1
R (I, I) = 0. As
depthRHomR(Ω
r+1I, I) ≥ min{ 2, depthR I } = 2 > 0 (cf. [5, Exercise 1.4.19]),
we obtain depthRN0 = 1 by the depth lemma. Noting that each HomR(Fi, I) is a
maximal Cohen-MacaulayR-module, by the depth lemma, we get depthRNi = i+1
for 0 ≤ i ≤ r, and d = depthR = r + 2 < d. This is a contradiction, which shows
that r ≥ d− 2 and the proof is completed. 
We denote by modR the category of finitely generated R-modules. Let X be
a full subcategory of modR. An R-homomorphism f : X → M is called a right
X -approximation of M if X belongs to X and the sequence HomR(−, X)
(−,f)
−→
HomR(−,M) → 0, where (−, f) = HomR(−, f), is exact on X . We say that
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X is contravariantly finite if any X ∈ X has a right X -approximation. An R-
complex (· · ·
f2
→ X1
f1
→ X0
f0
→ M) is called a right X -resolution of M if each Xi
belongs to X and the sequence · · ·
(−,f2)
−→ HomR(−, X1)
(−,f1)
−→ HomR(−, X0)
(−,f0)
−→
HomR(−,M) → 0 is exact on X . A left X -approximation, a covariantly finite
subcategory and a left X -resolution are defined dually.
For an R-moduleX , we denote by addX the full subcategory of modR consisting
of all direct summands of finite direct sums of copies of X . For an R-module M ,
we define CdimRM , the addC-resolution dimension of M , to be the infimum of
nonnegative integers n such that there exists an exact sequence 0→ Cn → Cn−1 →
· · · → C0 → M → 0 with each Ci being in addC. Note that addR-resolution
dimension is the same as projective dimension. We make the following definition.
Definition 2.5. Let M be an R-module.
(1) We say that M is n-spherical if ExtiR(M,R) = 0 for all 1 ≤ i ≤ n. We call an
exact sequence 0→ Y → X →M → 0 of R-modules an n-spherical approximation
if X is n-spherical and pdR Y < n.
(2) We say that M is n-C-spherical if ExtiR(M,C) = 0 for all 1 ≤ i ≤ n. We
call an exact sequence 0 → Y → X → M → 0 of R-modules an n-C-spherical
approximation if X is n-C-spherical and CdimR Y < n.
The n-R-spherical property is the same as the n-spherical property. By virtue of
the local duality theorem, if R is a Cohen-Macaulay local ring with the canonical
module ω, then an R-module is maximal Cohen-Macaulay if and only if it is d-ω-
spherical.
3. The approximation theorem
In this section, we will discuss when a given module has an n-C-spherical ap-
proximation. We shall actually give an equivalent condition for a module to have
an n-C-spherical approximation in the case where C is an n-semidualizing module.
Using this equivalent condition, we will prove two well-known approximation theo-
rems: one is due to Auslander and Bridger, and the other is due to Auslander and
Buchweitz.
First of all, we make a remark, and characterize n-C-torsionfree modules by
using left addC-resolutions.
Remark 3.1. The map λM† : M
† → M ††† is a split monomorphism for any R-
module M . Indeed, it is easy to check that the composite map (λM )
† · λM† is the
identity map of M †.
Proposition 3.2. Let M be an R-module. Then the following statements hold.
(1) M is 1-C-torsionfree if and only if M has an injective left addC-
approximation.
(2) (i) If M is 2-C-torsionfree, then M has an exact left addC-resolution
0→M → C0 → C1.
(ii) The converse holds if λC is an isomorphism.
(3) Let n ≥ 3. Suppose that λC is an isomorphism and Ext
i
R(C
†, C) = 0 for
all 1 ≤ i ≤ n− 3.
(i) If M is n-C-torsionfree, then M has an exact left addC-resolution
0→M → C0 → C1 → · · · → Cn−1.
(ii) The converse holds if Extn−2R (C
†, C) = 0.
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Proof. (1) Suppose that M is 1-C-torsionfree. Dualizing a free cover Rr → M †
of M † by C, we have an injection α : M †† → Cr. Hence we get an injection
β = α · λM : M → C
r. Let f1, . . . , fl be a system of generators of the R-module
HomR(M,C). Taking the direct sum of f1, . . . , fl, we construct a homomorphism
f : M → Cl. It is easily seen that f is a left addC-approximation of M . In
particular, the C-dual homomorphism f † is surjective. Since β factors through f ,
the homomorphism f is injective. Thus we obtain an exact sequence 0→M
f
→ Cl
such that (Cl)†
f†
→ M † → 0 is also exact. Conversely, if there is an exact sequence
0 → M → C0 with C0 ∈ addC such that the C-dual sequence C
†
0 → M
† → 0 is
also exact, then dualizing the latter sequence by C, we get a commutative diagram
0 −−−−→ M −−−−→ C0
λM
y λC0y
0 −−−−→ M †† −−−−→ C††0
with exact rows. Noting that C0 is a direct summand of C
l = (Rl)† for some
l > 0 and that λ(Rl)† is injective by Remark 3.1, we see that λC0 is also injective.
Therefore λM is also injective, that is, M is 1-C-torsionfree.
(2) According to (1), to show the assertion, we may assume that there is an
exact sequence 0 → M → C0 → N → 0 with C0 ∈ addC whose C-dual sequence
0 → N † → C†0 → M
† → 0 is also exact. Dualizing the latter sequence by C and
using Remark 3.1, we have a commutative diagram
0 0y y
0 −−−−→ M −−−−→ C0 −−−−→ N −−−−→ 0
λM
y λC0y λNy
0 −−−−→ M †† −−−−→ C††0 −−−−→ N
††
with exact rows and columns. It follows from this diagram that if M is 2-C-
torsionfree then N is 1-C-torsionfree, and that the converse holds when λC is an
isomorphism. By (1), N is 1-C-torsionfree if and only if N has an injective left
addC-approximation N → C1. If this is the case, then the spliced exact sequence
0→M → C0 → C1 is a left addC-resolution.
(3) As we did in the proof of (2), we may assume that there is an exact sequence
0 → M → C0 → N → 0 with C0 ∈ addC such that the C-dual sequence 0 →
N † → C†0 →M
† → 0 is also exact. We obtain a commutative diagram
0 −−−−→ M −−−−→ C0 −−−−→ N −−−−→ 0
λM
y λC0y λNy
0 −−−−→ M †† −−−−→ C††0 −−−−→ N
††
−−−−→ Ext1R(M
†, C) −−−−→ Ext1R(C
†
0 , C) −−−−→ Ext
1
R(N
†, C)
−−−−→ · · ·
−−−−→ Extn−2R (M
†, C) −−−−→ Extn−2R (C
†
0 , C)
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with exact rows. From this diagram and the assumptions we see that if M is n-
C-torsionfree then N is (n − 1)-C-torsionfree, and that the converse holds when
Extn−2R (C
†, C) = 0. By induction on n, N is (n− 1)-C-torsionfree if and only if it
has an exact left addC-resolution 0→ N → C1 → C2 → · · · → Cn−1. If this is the
case, then the spliced exact sequence 0 → M → C0 → C1 → C2 → · · · → Cn−1 is
a left addC-resolution of M . 
All the assumptions on C in Proposition 3.2 are satisfied when HomR(C,C) is
isomorphic to R:
Corollary 3.3. Suppose that λR is an isomorphism. The following are equivalent
for an R-module M .
(1) M is n-C-torsionfree.
(2) M has an exact left addC-resolution 0→M → C0 → C1 → · · · → Cn−1.
Proof. Since C† ∼= R, the map λC is an isomorphism and Ext
i
R(C
†, C) = 0 for any
i > 0. The assertion follows from Proposition 3.2. 
We give here an application of Proposition 3.2(1), which will be used later as a
lemma.
Corollary 3.4. Suppose that Ext1R(C,C) = 0. An R-module M is 1-C-torsionfree
if and only if there is an exact sequence 0 → M → C0 → N → 0 such that
C0 ∈ addC and Ext
1
R(N,C) = 0.
Proof. Suppose that there is an exact sequence 0→M → C0 → N → 0 such that
C0 ∈ addC and Ext
1
R(N,C) = 0. Dualizing this sequence by C gives an exact
sequence C†0 → M
† → Ext1R(N,C) = 0. It follows from Proposition 3.2(1) that
M is 1-C-torsionfree. Conversely, if this is the case, then we have an injective left
addC-approximation f : M → C0 by Proposition 3.2(1). Setting N = Coker f , we
get an exact sequence 0→M
f
→ C0 → N → 0 such that 0→ N
† → C†0
f†
→M † → 0
is an exact sequence. Since Ext1R(C0, C) = 0, we have Ext
1
R(N,C) = 0. 
Now, we can state and prove the following theorem, which is the main result of
this paper.
Theorem 3.5. Let C be an n-semidualizing R-module. The following are equiva-
lent for an R-module M .
(1) ΩnM is n-C-torsionfree.
(2) M admits an n-C-spherical approximation.
Proof. Let P• be a projective resolution of M .
(1) ⇒ (2): We have an exact sequence 0 → Ωi+1M → Pi → Ω
iM → 0 for each
i. Set X0 = Ω
nM . Note that X0 is n-C-torsionfree. Corollary 3.4 implies that
there exists an exact sequence 0→ X0 → C0 → Z1 → 0 such that C0 ∈ addC and
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Ext1R(Z1, C) = 0. We construct the pushout diagram:
0 0y y
0 −−−−→ X0 −−−−→ C0 −−−−→ Z1 −−−−→ 0y y ∥∥∥
0 −−−−→ Pn−1 −−−−→ X1 −−−−→ Z1 −−−−→ 0y y
Ωn−1M Ωn−1My y
0 0
Since Ext1R(Z1, C) = 0 = Ext
1
R(Pn−1, C), we have Ext
1
R(X1, C) = 0. If n = 1, then
the middle column is a desired exact sequence.
Let n ≥ 2. We establish the following two claims:
Claim 1. Z1 is (n− 1)-C-torsionfree.
Proof of Claim. We have an exact sequence 0→ Z†1 → C
†
0 → X
†
0 → 0. Dualize this
again, and we have a commutative diagram
0 −−−−→ X0 −−−−→ C0 −−−−→ Z1 −−−−→ 0
λX0
y∼= λC0y λZ1y
0 −−−−→ X††0 −−−−→ C
††
0
η
−−−−→ Z††1
with exact rows. Noting that λR : R→ R
†† is an isomorphism, we see that so is λC ,
hence so is λC0 . Thus the snake lemma says that λZ1 is an injection. Therefore,
Z1 is (n − 1)-C-torsionfree when n = 2. When n ≥ 3, noting that the map η in
the above diagram is a surjection because Ext1R(X
†
0 , C) = 0, we see from the five
lemma that λZ1 is an isomorphism. Since C0 belongs to addC and λR : R → C
†
is an isomorphism, we easily see that the R-module C†0 is projective, and hence
ExtiR(C
†
0 , C) = 0 for i > 0. Since Ext
i
R(X
†
0 , C) = 0 for 1 ≤ i ≤ n − 2, we get
ExtiR(Z
†
1 , C) = 0 for 1 ≤ i ≤ n− 3. It follows that Z1 is (n− 1)-C-torsionfree. 
Claim 2. X1 is (n− 1)-C-torsionfree.
Proof of Claim. We have an exact sequence 0 → Z†1 → X
†
1 → P
†
n−1 → 0, and
dualizing this again yields a commutative diagram
0 −−−−→ Pn−1 −−−−→ X1 −−−−→ Z1 −−−−→ 0
λPn−1
y∼= λX1y λZ1y
0 −−−−→ P ††n−1 −−−−→ X
††
1 −−−−→ Z
††
1 −−−−→ 0
with exact rows. If n = 2, then λZ1 is a monomorphism by Claim 1, and so is λX1 .
Hence X1 is (n− 1)-C-torsionfree. If n ≥ 3, then λZ1 is an isomorphism by Claim
1, and so is λX1 . Since Ext
i
R(P
†
n−1, C) = 0 for 1 ≤ i ≤ n and Ext
i
R(Z
†
1 , C) = 0 for
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1 ≤ i ≤ n− 3 by Claim 1, we obtain ExtiR(X
†
1 , C) = 0 for 1 ≤ i ≤ n− 3. Thus X1
is (n− 1)-C-torsionfree. 
According to Corollary 3.4, there is an exact sequence 0→ X1 → C1 → Z2 → 0
with C1 ∈ addC and Ext
1
R(Z2, C) = 0. We construct the pushout diagram:
0 0y y
C0 C0y y
0 −−−−→ X1 −−−−→ C1 −−−−→ Z2 −−−−→ 0y y ∥∥∥
0 −−−−→ Ωn−1M −−−−→ Y2 −−−−→ Z2 −−−−→ 0y y
0 0
Using the bottom row of the above diagram, we construct the pushout diagram:
0 0y y
0 −−−−→ Ωn−1M −−−−→ Y2 −−−−→ Z2 −−−−→ 0y y ∥∥∥
0 −−−−→ Pn−2 −−−−→ X2 −−−−→ Z2 −−−−→ 0y y
Ωn−2M Ωn−2My y
0 0
From the first diagram, we immediately get CdimY2 < 2, and Ext
2
R(Z2, C) = 0
because Ext1R(X1, C) = 0 = Ext
2
R(C1, C). Hence Ext
i
R(Z2, C) = 0 for i = 1, 2,
and we see from the middle row of the second diagram that ExtiR(X2, C) = 0 for
i = 1, 2. Thus, if n = 2, then the middle column of the second diagram is a desired
exact sequence.
Let n ≥ 3. Then similar arguments to the above claims show that both Z2 and
X2 are (n−2)-C-torsionfree, and Corollary 3.4 yields an exact sequence 0→ X2 →
C2 → Z3 → 0 such that Ext
1
R(Z3, C) = 0. Similarly to the above, we construct two
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pushout diagrams:
0 0y y
Y2 Y2y y
0 −−−−→ X2 −−−−→ C2 −−−−→ Z3 −−−−→ 0y y ∥∥∥
0 −−−−→ Ωn−2M −−−−→ Y3 −−−−→ Z3 −−−−→ 0y y
0 0
and
0 0y y
0 −−−−→ Ωn−2M −−−−→ Y3 −−−−→ Z3 −−−−→ 0y y ∥∥∥
0 −−−−→ Pn−3 −−−−→ X3 −−−−→ Z3 −−−−→ 0y y
Ωn−3M Ωn−3My y
0 0
If n = 3, then the middle column of the second diagram is a desired exact sequence.
If n ≥ 4, then iterating this procedure, we eventually obtain an exact sequence 0→
Yn → Xn →M → 0 such that Ext
i
R(Xn, C) = 0 for 1 ≤ i ≤ n and CdimYn < n.
(2) ⇒ (1): Let 0 → Y → X → M → 0 be an n-C-spherical approximation of
M . Since CdimY < n, there exists an exact sequence 0 → Cn−1
dn−1
→ Cn−2
dn−2
→
· · ·
d1→ C0
d0→ Y → 0. Put Yi = Im di for each i. We have exact sequences 0 →
Yi+1 → Ci → Yi → 0 and 0 → Ω
i+1M → Pi → Ω
iM → 0, where Pi is projective
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R-module. The following pullback diagram is obtained:
0 0y y
ΩM ΩMy y
0 −−−−→ Y −−−−→ L −−−−→ P0 −−−−→ 0∥∥∥ y y
0 −−−−→ Y −−−−→ X −−−−→ M −−−−→ 0y y
0 0
The projectivity of P0 shows that the middle row splits; we have an isomorphism
L ∼= Y ⊕ P0. Adding P0 to the exact sequence 0→ Y1 → C0 → Y → 0, we get an
exact sequence 0 → Y1 → C0 ⊕ P0 → Y ⊕ P0 → 0. Thus the following pullback
diagram is obtained:
0 0y y
Y1 Y1y y
0 −−−−→ X1 −−−−→ C0 ⊕ P0 −−−−→ X −−−−→ 0y y ∥∥∥
0 −−−−→ ΩM −−−−→ Y ⊕ P0 −−−−→ X −−−−→ 0y y
0 0
Applying a similar argument to the left column of the above diagram, we get exact
sequences 0 → Xi+1 → Ci ⊕ Pi → Xi → 0 for 0 ≤ i ≤ n − 1, where X0 = X
and Xn = Ω
nM . The assumption yields ExtiR(X0, C) = 0 = Ext
i
R(C0 ⊕ P0, C) for
1 ≤ i ≤ n, hence we have an exact sequence 0→ X†0 → (C0 ⊕ P0)
† → X†1 → 0 and
Ext1R(X1, C) = 0 for 1 ≤ i ≤ n − 1. Inductively, for each 0 ≤ i ≤ n − 1 an exact
sequence 0 → X†i → (Ci ⊕ Pi)
† → X†i+1 → 0 is obtained and Ext
j
R(Xi, C) = 0 for
1 ≤ j ≤ n− i. We have a commutative diagram
0 −−−−→ X1 −−−−→ C0 ⊕ P0
λX1
y λC0⊕P0y
0 −−−−→ X††1 −−−−→ (C0 ⊕ P0)
††
with exact rows. The assumption says that λR is a monomorphism, and we see
from Remark 3.1 that so is λC = λR† . Hence so is the map λC0⊕P0 , and so is λX1 .
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Therefore X1 is 1-C-torsionfree. If n ≥ 2, then λR is an isomorphism, and so is λC .
There is a commutative diagram
0 −−−−→ X2 −−−−→ C1 ⊕ P1 −−−−→ X1 −−−−→ 0
λX2
y λC1⊕P1y λX1y
0 −−−−→ X††2 −−−−→ (C1 ⊕ P1)
†† −−−−→ X††1
with exact rows. Since λC1⊕P1 is an isomorphism and λX1 is a monomorphism,
λX2 is an isomorphism by the snake lemma. Hence X2 is 2-C-torsionfree. If n ≥ 3,
then we have a commutative diagram
0 −−−−→ X3 −−−−→ C2 ⊕ P2 −−−−→ X2 −−−−→ 0
λX3
y λC2⊕P2y∼= λX2y∼=
0 −−−−→ X††3 −−−−→ (C2 ⊕ P2)
†† −−−−→ X††2 −−−−→ Ext
1
R(X
†
3 , C) −−−−→ 0
with exact rows. From this diagram it follows that λX3 is an isomorphism and
Ext1R(X
†
3 , C) = 0, which means that X3 is 3-C-torsionfree. Repeating a similar
argument, we see that Xi is i-C-torsionfree for every 1 ≤ i ≤ n. Therefore Ω
nM =
Xn is n-C-torsionfree, and the proof of the theorem is completed. 
Remark 3.6. The proof of Theorem 3.5 actually shows a little stronger statements.
Let M be an R-module.
(1) Assume that Ext1R(C,C) = 0. If ΩM is 1-C-torsionfree, then M has a 1-C-
spherical approximation.
(2) Assume that λR is injective and Ext
i
R(C,C) = 0 for i = 1, 2. If Ω
2M is 2-C-
torsionfree, then M has a 2-C-spherical approximation.
(3) Assume that λR is injective. If M has a 1-C-spherical approximation, then ΩM
is 1-C-torsionfree. (In fact, the injectivity of λR implies the conclusion that ΩM is
1-C-torsionfree by itself; see Lemma 4.1(1) below.)
(4) Assume that λR is bijective and Ext
i
R(C,C) = 0 for 1 ≤ i ≤ n − 1. If M has
an n-C-spherical approximation, then ΩnM is n-C-torsionfree.
Remark 3.7. Let C be a semidualizing R-module (for the definition, see the fol-
lowing part of Definition 2.3). Recall the following:
(1) We say that an R-module M is totally C-reflexive if λM : M → M
†† is an
isomorphism and ExtiR(M,C) = Ext
i
R(M
†, C) = 0 for any i > 0.
(2) The GC-dimension of an R-module M , which is denoted by GCdimRM , is
defined as the infimum of integers r such that there exists an exact sequence
0→ Xr → Xr−1 → · · · → X0 →M → 0 where each Xi is totally C-reflexive.
Araya, Takahashi and Yoshino [1] proved that every R-module of finite GC -
dimension admits an exact sequence which should be called an “∞-C-spherical
approximation” in our terminology; they proved that for every R-module M with
GCdimM <∞ there exists an exact sequence 0→ Y → X →M → 0 of R-modules
such that X is totally C-reflexive and Cdim Y <∞.
As a direct corollary of Theorem 3.5, we have an approximation theorem of
Auslander and Bridger:
Corollary 3.8. Let M be an R-module. Then ΩnM is n-torsionfree if and only if
M admits an n-spherical approximation.
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Theorem 3.5 also induces a celebrated approximation theorem of Auslander and
Buchweitz, which asserts the existence of Cohen-Macaulay approximations:
Corollary 3.9. Let (R,m) be a d-dimensional Cohen-Macaulay local ring with the
canonical module ω. Then every R-module M admits a Cohen-Macaulay approxi-
mation, namely, there exists an exact sequence 0→ Y → X →M → 0 such that X
is a maximal Cohen-Macaulay R-module and Y is an R-module of finite injective
dimension.
Proof. If d = 0, then 0 → 0 → M
=
→ M → 0 is a desired exact sequence. Let
d ≥ 1. Then ω is d-semidualizing, and ΩdM is d-ω-torsionfree. Hence Theorem 3.5
guarantees the existence of an exact sequence 0 → Y → X → M → 0 such that
X is d-ω-spherical and ωdimY < d. Therefore X is maximal Cohen-Macaulay. On
the other hand, noting that ω is an indecomposable R-module, we have an exact
sequence 0 → ωld−1 → ωld−2 → · · · → ωl0 → Y → 0. Decomposing this into short
exact sequences and noting that ω has finite injective dimension, one sees that Y
also has finite injective dimension. 
4. Modules admitting approximations
In the previous section, we proved that if C is n-semidualizing, then any module
whose nth syzygy is n-C-torsionfree admits an n-C-spherical approximation. In
this section, we will consider modules whose nth syzygies are n-C-torsionfree, and
give several sufficient conditions for a given module to be such a module.
We begin by proving the following lemma.
Lemma 4.1. Let M be an R-module.
(1) If R is 1-C-torsionfree, then so is ΩM .
(2) If R is 2-C-torsionfree, then for each n ≥ 2 the map λΩnM is a split
monomorphism and the cokernel of λΩnM is isomorphic to Ext
n
R(M,C)
†.
Proof. (1) There is an exact sequence 0→ ΩM
θ
→ P →M → 0 with P projective.
One has the following commutative diagram:
ΩM
θ
−−−−→ P
λΩM
y λPy
(ΩM)††
θ††
−−−−→ P ††
The map θ is injective, and the assumption implies that λP is injective. Hence λΩM
is also injective.
(2) Putting X = Ωn−2M , one has ΩnM = Ω2X and ExtnR(M,C) = Ext
2
R(X,C).
Hence, replacingM with X , we have only to show the lemma when n = 2. There is
an exact sequence 0→ Ω2M → Q→ ΩM → 0, where Q is a projective R-module.
Applying the C-dual functor (−)† yields an exact sequence 0 → (ΩM)† → Q†
σ
→
(Ω2M)† → Ext2R(M,C)→ 0. Set N = Imσ and decompose this sequence into two
short exact sequences:
(4.1.1)
{
0→ (ΩM)† → Q† → N → 0,
0→ N
τ
→ (Ω2M)† → Ext2R(M,C)→ 0.
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Applying (−)† to the first sequence, one obtains a commutative diagram
0 −−−−→ Ω2M −−−−→ Q −−−−→ ΩM −−−−→ 0
η
y λQy λΩMy
0 −−−−→ N † −−−−→ Q†† −−−−→ (ΩM)††
with exact rows. The map λQ is an isomorphism by the assumption, and λΩM is a
monomorphism by (1). Therefore we see from the snake lemma that the map η is
an isomorphism. The diagram
Ω2M Ω2M
λ
Ω2M
y ηy∼=
0 −−−−→ Ext2R(M,C)
† −−−−→ (Ω2M)††
τ†
−−−−→ N †
commutes, where the bottom row is the C-dual of the second sequence in (4.1.1).
This commutative diagram shows that λΩ2M is a split monomorphism, that the
sequence
(4.1.2) 0→ Ext2R(M,C)
† → (Ω2M)††
τ†
→ N † → 0
is split exact and that Coker(λΩ2M ) ∼= Ext
2
R(M,C)
†. 
For R-modules M,N , we define grade(M,N) by the infimum of integers i such
that ExtiR(M,N) 6= 0. We state a criterion for Ω
iM to be i-C-torsionfree for
1 ≤ i ≤ n in terms of grade.
Proposition 4.2. Let C be an R-module such that R is (n− 1)-C-torsionfree.
(1) If ΩiM is i-C-torsionfree for every 1 ≤ i ≤ n, then grade(ExtiR(M,C), C) ≥
i− 1 for every 1 ≤ i ≤ n.
(2) The converse also holds if R is n-C-torsionfree.
Proof. We prove the proposition by induction on n. When n = 1, the statement
(1) is trivial and the statement (2) follows from Lemma 4.1(1).
Let n = 2. There is an exact sequence 0→ Ω2M → P → ΩM → 0, where P is
projective. Applying the functor (−)† gives another exact sequence 0→ (ΩM)† →
P † → (Ω2M)† → Ext2R(M,C) → 0. Applying (−)
† again, we get the following
commutative diagram with exact rows:
0 −−−−→ Ω2M −−−−→ P
λ
Ω2M
y λPy
0 −−−−→ Ext2R(M,C)
† −−−−→ (Ω2M)†† −−−−→ P ††
Since R is 1-C-torsionfree by the assumption, λR is injective, hence so is λP .
Thus, if Ω2M is 2-C-torsionfree, then λΩ2M is bijective and diagram chasing shows
Ext2R(M,C)
† = 0. Therefore the statement (1) holds. As for the statement (2),
suppose that R is 2-C-torsionfree and Ext2R(M,C)
† = 0. The induction hypothesis
shows that ΩM is 1-C-torsionfree, and Lemma 4.1(2) implies that λΩ2M is bijective,
i.e., Ω2M is 2-C-torsionfree. Therefore the statement (2) holds.
Let n ≥ 3. The induction hypothesis implies that we may assume that ΩiM is
i-C-torsionfree and grade(ExtiR(M,C), C) ≥ i − 1 for 1 ≤ i ≤ n − 1. There is an
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exact sequence
0→ ΩnM → P → Ωn−1M → 0
with P projective, and dualizing this by C yields an exact sequence 0 →
(Ωn−1M)† → P † → (ΩnM)† → ExtnR(M,C) → 0. Decompose this sequence into
two short exact sequences as follows:{
0→ (Ωn−1M)† → P † → N → 0,
0→ N → (ΩnM)† → ExtnR(M,C)→ 0.
Applying (−)† to the first exact sequence and using the assumption that R is (n−1)-
C-torsionfree, we get ExtiR(N,C) = 0 for 1 ≤ i ≤ n − 3 and a monomorphism
Extn−2R (N,C) →֒ Ext
n−2
R (P
†, C). Apply (−)† to the second exact sequence. Note
that the proof of the existence of (4.1.2) in the proof of Lemma 4.1 shows that the
induced sequence 0 → ExtnR(M,C)
† → (ΩnM)†† → N † → 0 is exact. Hence we
obtain isomorphisms ExtiR(Ext
n
R(M,C), C)
∼= ExtiR((Ω
nM)†, C) for 1 ≤ i ≤ n− 3
and an exact sequence 0 → Extn−2R (Ext
n
R(M,C), C) → Ext
n−2
R ((Ω
nM)†, C) →
Extn−2R (N,C). Moreover, Lemma 4.1(2) guarantees that Ext
n
R(M,C)
† = 0 if and
only if λΩnM is an isomorphism. Now it is easy to observe that if Ω
nM is n-C-
torsionfree then grade(ExtnR(M,C), C) ≥ n− 1, and that the converse holds when
R is n-C-torsionfree. This completes the proof of the proposition. 
Next we want to consider the difference between the condition that ΩnM is n-
C-torsionfree and the condition that ΩiM is i-C-torsionfree for 1 ≤ i ≤ n. For this,
let us study modules of finite addC-resolution dimension.
Lemma 4.3. Let (R,m, k) be a local ring and C an R-module such that λR is an
isomorphism. If M is an R-module with CdimM <∞, then CdimM ≤ depthC.
Proof. First of all, let us show that the R-module C is indecomposable: suppose
that there is a direct sum decomposition C ∼= X ⊕ Y for some nonzero R-modules
X,Y . Since λR is an isomorphism, one has isomorphisms R ∼= HomR(C,C) ∼=
HomR(X,X) ⊕ HomR(X,Y ) ⊕ HomR(Y,X) ⊕ HomR(Y, Y ). Both of the modules
HomR(X,X) and HomR(Y, Y ) are nonzero, because they contain the identity maps.
Hence R is decomposable as an R-module, which contradicts the assumption that
R is a local ring. Therefore C is an indecomposable R-module, and all objects of
addC are finite direct sums of copies of C.
Put CdimM = s. There exists an exact sequence 0 → Cls
φs
→ Cls−1
φs−1
→
· · ·
φ1
→ Cl0 → M → 0. Note that all li are nonzero. Since the homothety map
λR : R→ HomR(C,C) is an isomorphism, one can identify each φi with an li−1× li
matrix over R. With respect to the suitable bases of Cls and Cls−1 , the matrix
φs has the form (E 00 A ), where E is an identity matrix and A is a matrix whose
components are in the maximal ideal m. Removing E from φs and iterating this
procedure, we may assume that all components of the matrix φi belong to the
maximal ideal m for each 1 ≤ i ≤ s.
Set t = depthC. We want to prove that s is not bigger than t. If s = 0,
then the inequality obviously holds. Let s > 0. From the exact sequence 0 →
Cls
φs
→ Cls−1 we get an exact sequence 0 → HomR(k, C
ls)
f
→ HomR(k, C
ls−1),
where f = HomR(k, φs). Since all the components of φs belong to m, we have
f = 0. Hence HomR(k, C
ls) = 0, which implies that t = depthC > 0. Putting
Mi = Imφi, we have an exact sequence 0 → Mi+1 → C
li → Mi → 0 for 1 ≤
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i ≤ s − 1. Assume that s is bigger than t. Then from the exact sequence 0 →
Cls
φs
→ Cls−1 → Ms−1 → 0 we get an exact sequence 0 = Ext
t−1
R (k, C
ls−1) →
Extt−1R (k,Ms−1) → Ext
t
R(k, C
ls)
g
→ ExttR(k, C
ls−1), where g = ExttR(k, φs). Since
all the components of the matrix φs are in m, the map g is a zero map. Noting
that ExttR(k, C) 6= 0, we have Ext
t−1
R (k,Ms−1) 6= 0. There are isomorphisms
Extt−1R (k,Ms−1)
∼= Extt−2R (k,Ms−2)
∼= · · · ∼= Ext1R(k,Ms−t+1)
∼= HomR(k,Ms−t),
which show that depthMs−t = 0. However, there is an injection Ms−t → C
ls−t−1 ;
note that s − t − 1 ≥ 0. Hence t = depthCls−t−1 = 0, which is a contradiction.
This contradiction proves that s is not bigger than t. 
Lemma 4.4. Let r be an integer, and let C be an R-module such that ExtiR(C,C) =
0 for all 1 ≤ i ≤ r. If M is an R-module with CdimM < r, then one has
ExtrR(M,C) = 0.
Proof. Putting s = CdimM , we have an exact sequence 0→ Cs → Cs−1 → · · · →
C0 → M → 0 such that each Ci belongs to addC. Decomposing this into short
exact sequences, we get an exact sequence 0 → Mi+1 → Ci → Mi → 0 for each
1 ≤ i ≤ s − 1. There are isomorphisms ExtrR(M,C)
∼= Extr−1R (M1, C)
∼= · · · ∼=
Extr−s+1R (Ms−1, C)
∼= Extr−sR (Cs, C), where the last Ext module vanishes because
1 ≤ r − s ≤ r. 
The following is a well-known result concerning grade; see [5, Proposition
1.2.10(a),(e)], for example.
Lemma 4.5. For R-modules M and N , one has grade(M,N) = inf{ depthNp | p ∈
SuppM }.
Combining the above three lemmas, we obtain the following.
Lemma 4.6. Let C be an R-module such that λR is an isomorphism and
ExtiR(C,C) = 0 for 1 ≤ i ≤ n. If M is an R-module with CdimM < ∞, then
grade(ExtiR(M,C), C) ≥ i for all 1 ≤ i ≤ n.
Proof. Fix an integer i with 1 ≤ i ≤ n. Let p be an prime ideal of R satisfy-
ing depthRp Cp < i. Then one has CpdimRp Mp < i by Lemma 4.3, and hence
ExtiRp(Mp, Cp) = 0 by Lemma 4.4. Therefore p 6∈ SuppExt
i
R(M,C), and the in-
equality grade(ExtiR(M,C), C) ≥ i follows from Lemma 4.5. 
Now we can consider the relationship between the n-C-torsionfreeness of ΩnM
and the i-C-torsionfreeness of ΩiM for 1 ≤ i ≤ n. Under the assumption that C is
n-semidualizing, these properties are equivalent to each other. We should remark
that an n-C-spherical approximation of M plays an essential role in the proof.
Proposition 4.7. Let C be an n-semidualizing R-module. The following are equiv-
alent for an R-module M .
(1) ΩnM is n-C-torsionfree.
(2) ΩiM is i-C-torsionfree for every 1 ≤ i ≤ n.
Proof. (2) ⇒ (1): This implication is trivial.
(1) ⇒ (2): Proposition 4.2 says that it is enough to prove that the inequality
grade(ExtiR(M,C), C) ≥ i − 1 holds for 1 ≤ i ≤ n. This inequality automati-
cally holds when n = 1, hence let n ≥ 2. Theorem 3.5 yields an n-C-spherical
approximation 0 → Y → X → M → 0 of M . Hence we have an isomorphism
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ExtiR(M,C)
∼= Exti−1R (Y,C) for 2 ≤ i ≤ n. Since n ≥ 2, the assumption that
C is n-semidualizing implies that λR is an isomorphism and Ext
i
R(C,C) = 0 for
1 ≤ i ≤ n. Therefore we see from Lemma 4.6 that grade(ExtiR(Y,C), C) ≥ i for
1 ≤ i ≤ n, and thus grade(ExtiR(M,C), C) ≥ i− 1 for 1 ≤ i ≤ n, as desired. 
Our next aim is to give sufficient conditions for an R-module to satisfy the
condition that the nth syzygy is n-C-torsionfree. For this aim, we need to introduce
the following lemma which will also be used later, and to recall basic properties of
GC -dimension. (For the definition of GC -dimension, see Remark 3.7.)
Lemma 4.8. Let R be a local ring and r a positive integer. Suppose that λR is an
isomorphism and ExtiR(C,C) = 0 for all 1 ≤ i < r. Then the following hold.
(1) depthR ≥ r if and only if depthC ≥ r.
(2) Let R be a Cohen-Macaulay local ring with dimR < r. Then C is a maximal
Cohen-Macaulay R-module.
Proof. (1) Let us show the assertion by induction on r. Since R ∼= HomR(C,C), one
has HomR(k,R) ∼= HomR(k,HomR(C,C)) ∼= HomR(k ⊗R C,C) ∼= HomR(k, C)
m,
where m is the minimal number of generators of C. Hence HomR(k,R) = 0 if and
only if HomR(k, C) = 0. In other words, depthR ≥ 1 if and only if depthC ≥ 1.
Thus the assertion in the case where r = 1 is proved.
Let r ≥ 2. The induction hypothesis guarantees the existence of an element
x ∈ R which is both R-regular and C-regular. Set (−) = (−) ⊗R R/(x). There
is an exact sequence 0 → C
x
→ C → C → 0. Apply the functor (−)† to this,
and make a long exact sequence; we see that the map R → Ext1R(C,C) induced
by the connecting homomorphism R ∼= C† → Ext1R(C,C) is an isomorphism,
and that ExtiR(C,C) = 0 for 2 ≤ i < r. Since there is a natural isomorphism
Exti
R
(C,C) ∼= Exti+1R (C,C) for any integer i, the natural map R→ HomR(C,C) is
an isomorphism and Exti
R
(C,C) = 0 for 1 ≤ i < r−1. It follows from the induction
hypothesis that depthR ≥ r − 1 if and only if depthC ≥ r − 1. Thus depthR ≥ r
if and only if depthC ≥ r.
(2) Set d = dimR. According to the assumptions, the map λR is an isomorphism,
ExtiR(C,C) = 0 for 1 ≤ i ≤ d and depthR = d ≥ d. Hence the assertion (1) yields
depthC ≥ d, which means that C is maximal Cohen-Macaulay. 
Lemma 4.9. [8] Let R be a local ring and C a semidualizing R-module. Then the
following hold for an R-module M :
(1) If GCdimRM < ∞, then GCdimRM = depthR − depthR C =
sup{ i |ExtiR(M,C) 6= 0 },
(2) For a nonnegative integer r, one has GCdimR(Ω
rM) = sup{GCdimRM −
r, 0 }.
Let us give sufficient conditions for an R-module M to be such that ΩnM is
n-C-torsionfree:
Proposition 4.10. Let M be an R-module, and let C be an R-module such that
R is n-C-torsionfree. Suppose that either of the following holds:
(1) pdRp Mp <∞ for any p ∈ SpecR with depthRp ≤ n− 2,
(2) Cp is a semidualizing Rp-module and GCpdimRp Mp < ∞ for any p ∈
SpecR with depthRp ≤ n− 2.
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Then ΩnM is n-C-torsionfree.
Proof. The proposition can be proved by induction on n. When n = 1, by Lemma
4.1(1), the conclusion automatically holds. Hence let n ≥ 2. It follows from the
induction hypothesis that ΩiM is i-C-torsionfree for 1 ≤ i ≤ n− 1. Proposition 4.2
says that grade(ExtiR(M,C), C) ≥ i − 1 for 1 ≤ i ≤ n − 1, and that we have only
to prove the inequality
grade(ExtnR(M,C), C) ≥ n− 1.
Let p be a prime ideal of R satisfying depthCp ≤ n− 2. Then depthRp ≤ n− 2 by
Lemma 4.8(1).
Firstly, suppose that the condition (1) holds. Then pdRp Mp <∞, and one has
pdRp Mp ≤ depthRp ≤ n − 2. Hence Ext
i
Rp(Mp, X) = 0 for any Rp-module X
and any i > n− 2. In particular, we get ExtnR(M,C)p
∼= ExtnRp(Mp, Cp) = 0, and
Lemma 4.5 yields the inequality grade(ExtnR(M,C), C) ≥ n− 1.
Secondly, suppose that the condition (2) holds. Then GCpdimRp Mp < ∞,
and Lemma 4.9(1) implies that sup{ i |ExtiRp(Mp, Cp) 6= 0 } = GCpdimRp Mp ≤
depthRp ≤ n− 2. Therefore one has Ext
n
Rp(Mp, Cp) = 0. It follows from Lemma
4.5 that the inequality grade(ExtnR(M,C), C) ≥ n− 1 holds. 
Recall that the G-dimension of an R-module M , which is denoted by GdimRM ,
is defined as the GR-dimension of M . As a corollary of the above proposition, we
get a theorem of Mas¸ek.
Corollary 4.11. [11, Theorem 43] Let X be an R-module such that GdimRp Xp <
∞ for any p ∈ SpecR with depthRp ≤ n− 2. Then X is n-torsionfree if (and only
if) X is n-syzygy.
Proof. Suppose that X is n-syzygy, i.e., X ∼= ΩnM for some R-module M . Then
note by Lemma 4.9(2) that the Rp-module Mp is also of finite G-dimension for p ∈
SpecR with depthRp ≤ n− 2. Proposition 4.10 shows that Ω
nM is n-torsionfree.
Hence X is n-torsionfree. 
5. Contravariant finiteness
In the previous section, we investigated those R-modules whose nth syzygies are
n-C-torsionfree; we obtained several conditions for a given R-module to be such
a module. In this section, we shall consider conditions for all R-modules to be
such modules. After that, we will study the contravariant finiteness of the full
subcategory of modR consisting of all n-C-spherical modules.
First of all, we prove the following theorem, which is the second main result of
this paper.
Theorem 5.1. Suppose that R is n-C-torsionfree. Then the following are equiva-
lent.
(1) idRp Cp <∞ for any p ∈ SpecR with depthRp ≤ n− 2.
(2) ΩnM is n-C-torsionfree for any R-module M .
Proof. We use induction on n to prove the theorem. When n = 1, the assertion (1)
holds because there is no prime ideal p of R satisfying depthRp ≤ n − 2, and the
assertion (2) holds by Lemma 4.1(1). In the following, we consider the case where
n ≥ 2.
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(1) ⇒ (2): Fix an R-module M . The induction hypothesis shows that
ΩiM is i-C-torsionfree for 1 ≤ i ≤ n − 1. By Proposition 4.2, we have
grade(ExtiR(M,C), C) ≥ i− 1 for 1 ≤ i ≤ n− 1, and it suffices to prove that the in-
equality grade(ExtnR(M,C), C) ≥ n− 1 holds. Let p ∈ SpecR. If depthCp ≤ n− 2,
then depthRp ≤ n− 2 by Lemma 4.8(1). The assumption says that idRp Cp <∞,
and idRp Cp = depthRp ≤ n − 2. Therefore Ext
n
R(M,C)p
∼= ExtnRp(Mp, Cp) = 0.
Thus we see from Lemma 4.5 that grade(ExtnR(M,C), C) ≥ n− 1, as desired.
(2) ⇒ (1): When n = 2, Lemma 4.1(2) implies that Ext2Rp(Mp, Cp) = 0 for all
R-modules M and p ∈ AssC, because Ass(Ext2R(M,C)
†) = SuppExt2R(M,C) ∩
AssC. The isomorphism λR : R → HomR(C,C) shows that AssC coin-
cides with AssR. Hence, setting M = ΩiR(R/p), one has Ext
i+2
Rp
(κ(p), Cp) ∼=
Ext2Rp((Ω
i
R(R/p))p, Cp) = 0 for any p ∈ AssR and any i > 0. Therefore
idRp Cp <∞ for p ∈ SpecR with depthRp = 0.
Let n ≥ 3. Fix an R-moduleM . We have an exact sequence 0→ Ωn+1M → P →
ΩnM → 0 such that P is a projective R-module. From this we get another exact
sequence 0→ (ΩnM)† → P † → (Ωn+1M)† → Extn+1R (M,C)→ 0. Decompose this
into short exact sequences:
(5.1.1)
{
0→ (ΩnM)† → P † → N → 0,
0→ N → (Ωn+1M)† → Extn+1R (M,C)→ 0.
Note from the assumption that both ΩnM and Ωn+1M = Ωn(ΩM) are n-C-
torsionfree. Since R is n-C-torsionfree, we see from the first sequence in (5.1.1)
that there is a commutative diagram
0 −−−−→ Ωn+1M −−−−→ P −−−−→ ΩnM −−−−→ 0
α
y λPy∼= λΩnMy∼=
0 −−−−→ N † −−−−→ P †† −−−−→ (ΩnM)†† −−−−→ Ext1R(N,C) −−−−→ 0
with exact rows, and ExtiR(N,C) = 0 for 2 ≤ i ≤ n − 2. This diagram
shows that α is an isomorphism and Ext1R(N,C) = 0. The second sequence in
(5.1.1) gives an exact sequence 0 → Extn+1R (M,C)
† → (Ωn+1M)††
β
→ N † →
Ext1R(Ext
n+1
R (M,C), C) → 0 and Ext
i
R(Ext
n+1
R (M,C), C) = 0 for 2 ≤ i ≤ n − 2.
Since the diagram
Ωn+1M Ωn+1M
λ
Ωn+1M
y∼= αy∼=
(Ωn+1M)††
β
−−−−→ N †
commutes, the map β is an isomorphism, and Extn+1R (M,C)
† = 0 =
Ext1R(Ext
n+1
R (M,C), C). Thus we have Ext
i
R(Ext
n+1
R (M,C), C) = 0 for every
i ≤ n− 2, which means that the inequality grade(Extn+1R (M,C), C) ≥ n− 1 holds.
Therefore, if p is a prime ideal of R with depthRp ≤ n− 2, then depthCp ≤ n− 2
by Lemma 4.8(1), and it follows from Lemma 4.5 that p does not belong to
SuppExtn+1R (M,C), i.e., Ext
n+1
Rp
(Mp, Cp) = 0. Putting M = Ω
i
R(R/p), we ob-
tain Extn+1+iRp (κ(p), Cp)
∼= Extn+1Rp ((Ω
i
R(R/p))p, Cp) = 0 for any i > 0. This implies
that idRp Cp <∞, and the proof is completed. 
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Remark 5.2. In the case where C is n-semidualizing, one can prove the above
theorem more easily, as follows. Fix an R-moduleM . The n-C-torsionfree property
of ΩnM is equivalent to the i-C-torsionfree property of ΩiM for 1 ≤ i ≤ n by
Proposition 4.7, which is equivalent to the inequality grade(ExtiR(M,C), C) ≥ i −
1 for 1 ≤ i ≤ n by Proposition 4.2, which is equivalent to the condition that
ExtiR(Mp, Cp) = 0 for any p ∈ SpecR with depthRp ≤ i − 2 by Lemmas 4.5 and
4.8(1). Hence, settingM = Ωj(R/p) for j ≫ 0, we easily see that the two conditions
in the theorem are equivalent.
Remark 5.3. It is easy to see that Theorem 5.1(1) holds in each of the following
cases:
(1) R satisfies Serre’s condition (Sn−1) and C is locally of finite injective dimension
in codimension n− 2, namely, idRp Cp <∞ for p ∈ SpecR with ht p ≤ n− 2.
(2) (R,m) is local, n is at most depthR + 1 and C is locally of finite injective
dimension on the punctured spectrum of R, namely, idRp Cp <∞ for p ∈ SpecR−
{m}.
Corollary 5.4. Let C be an n-semidualizing R-module. Suppose that R satis-
fies Serre’s conditions (Rn−2) and (Sn−1). Then every R-module M has an n-C-
spherical approximation.
Proof. Take a prime ideal p of R with ht p ≤ n− 2. Then Rp is a regular local ring,
hence idRp Cp <∞. Thus the corollary follows from Remark 5.3(1) and Theorems
5.1 and 3.5. 
The lemma below says that over a Gorenstein local ring of dimension d ≥ 2, any
n-semidualizing module is free for n ≥ d.
Lemma 5.5. Let (R,m, k) be a d-dimensional Gorenstein local ring. If λR is an
isomorphism and ExtiR(C,C) = 0 for 1 ≤ i ≤ d, then C
∼= R.
Proof. Lemma 4.8(2) says that the R-module C is maximal Cohen-Macaulay. Hence
there exists a sequence x = x1, . . . , xd in m which is both R-regular and C-regular.
Repeating a similar argument to the proof of Lemma 4.8(1), we obtain
ExtjR/(xi)(C/xiC,C/xiC)
∼=
{
R/(xi) if j = 0,
0 if 1 ≤ j ≤ d− i,
where xi = x1, . . . , xi, for each 1 ≤ i ≤ d. It follows that there is an isomor-
phism HomR(C,C)
∼= R, where (−) = (−) ⊗R R/(x). Hence HomR(k,R)
∼=
HomR(k,HomR(C,C))
∼= HomR(k⊗R C,C)
∼= HomR(k, C)
m, where m is the min-
imal number of generators of the R-module C. Since R is artinian Gorenstein,
we have HomR(k,R)
∼= k. Thus one must have m = 1, hence C is a cyclic R-
module, and C ∼= R/I for some ideal I of R. Therefore R ∼= HomR(C,C)
∼=
HomR(R/I,R/I)
∼= R/I, and we get I = 0, i.e., C ∼= R. This gives an isomorphism
C ∼= R. 
Applying the above lemma, we can get a sufficient condition for R and C to
satisfy Theorem 5.1(1).
Proposition 5.6. Suppose that R is n-C-torsionfree and that Rp is Gorenstein for
any p ∈ SpecR with depthRp ≤ n− 2. Then idRp Cp <∞ for any p ∈ SpecR with
depthRp ≤ n− 2. (Hence Ω
nM is n-C-torsionfree for any R-module M .)
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Proof. We may assume n ≥ 2. Take a prime ideal p of R with depthRp ≤ n − 2.
Then Rp is Gorenstein, and dimRp = depthRp ≤ n−2. Since R is n-C-torsionfree,
one has
ExtiRp(Cp, Cp)
∼=
{
Rp if i = 0,
0 if 1 ≤ i ≤ dimRp.
Hence Lemma 5.5 yields an isomorphism Cp ∼= Rp. Therefore idRp Cp = idRp Rp <
∞. 
Here we notice that an n-C-spherical approximation gives a right approximation:
Proposition 5.7. Define two full subcategories of modR as follows:
X = {X ∈ modR |X is n-C-spherical },
Y = { Y ∈ modR |Cdim Y < n }.
Let 0 → Y → X
f
→ M → 0 be an exact sequence of R-modules with X ∈ X and
Y ∈ Y. Then the homomorphism f is a right X -approximation of M .
Proof. One has Ext1R(X
′, Y ′) = 0 for any X ′ ∈ X and Y ′ ∈ Y. In fact, there
exists an exact sequence 0 → Cn−1
dn−1
→ Cn−2
dn−2
→ · · ·
d1→ C0
d0→ Y ′ → 0. Putting
Yi = Im di, we have an exact sequence 0 → Yi+1 → Ci → Yi → 0 for each i.
Since ExtiR(X
′, C) = 0 for 1 ≤ i ≤ n, we obtain isomorphisms Ext1R(X
′, Y ′) ∼=
Ext2R(X
′, Y1) ∼= Ext
3
R(X
′, Y2) ∼= · · · ∼= Ext
n−1
R (X
′, Yn−2) ∼= Ext
n
R(X
′, Cn−1) =
0, as desired. For any X ′ ∈ X , we have an exact sequence HomR(X
′, X)
g
→
HomR(X
′,M) → Ext1R(X
′, Y ) = 0 where g = HomR(X
′, f). This says that the
homomorphism f is a right X -approximation of M . 
Using Theorems 5.1 and 3.5 and Proposition 5.7, we see that the subcategory of
n-C-spherical R-modules is contravariantly finite under some assumptions:
Corollary 5.8. Let C be an n-semidualizing R-module such that idRp Cp <∞ for
any p ∈ SpecR with depthRp ≤ n− 2. Then the full subcategory
X = {X ∈ modR |X is n-C-spherical }
of modR is contravariantly finite.
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